
A Laplacian approach to stubborn agents and their role
in opinion formation on influence networks

Melvyn Tyloo
melvyn.tyloo@gmail.com

joint work with F. Baumann.

August 26, 2020, etranselec.ch
F. Baumann, I. M. Sokolov, MT, Physica A 557 (2020) 124869

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 1 / 15



Opinion Formation on Influence Networks

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 2 / 15



Opinion Formation on Influence Networks

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 2 / 15



Opinion Formation on Influence Networks

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 2 / 15



Modeling Opinion Formation on Influence Networks

Opinion Dynamics (Taylor model 1968)

ẋi = −
∑

j

bij(xi − xj)− κ(xi − Pi ) (1)

M. Taylor, Human Relations 21 (1968).
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Modeling Opinion Formation on Influence Networks

Opinion Dynamics (Taylor model 1968)

ẋi = −
∑

j

bij(xi − xj)− κ(xi − Pi ) , i ∈ Vs , (2)

ẋi = −
∑

j

bij(xi − xj) , i ∈ Vf , (3)
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Opinion Formation on Influence Networks

- Single stubborn agent: Which node is the most efficient to change
the overall opinion?

- Pair of stubborn agents: How does the network structure relates to
the distribution of final opinions?
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Two Cases of Interest
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Laplacian Approach

Laplacian approach

ẋ = −(L + K ) x + κP . (4)

Modified Laplacian matrix

Lκ = L + K (5)

Lij =

{
−bij , i 6= j ,∑
k bik , i = j .

Kij =

{
κ , i = j ∈ Vs ,
0 , otherwise .

Eigenvectors: uκα,i .
Eigenvalues: λκα .
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Single Stubborn Agent

Effort vs. network structure for a single stubborn agent?
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Single Stubborn Agent: Coherence

Coherence

C(a) =
∑

i

∫ ∞

0
|xa(t)− xi (t)|dt (6)

Effort vs. network structure for a single stubborn agent?
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Single Stubborn Agent: Coherence

Solutions for trajectories

xi (t) = κP
∑

α

uκα,a
λκα

(1− e−λ
κ
α(t−t0)) uκα,i , (7)

xi (t →∞) = κP
∑

α

uκα,au
κ
α,i

λκα︸ ︷︷ ︸
=1

= P , (8)

which ensures the emergence of a new consensus at xi (t →∞) = P as
final state of the system. Integrating Eq. (7), C can be expressed as

C(a) = −κP
∑

i

∑

α

uκα,a
2 − uκα,au

κ
α,i

λκα
2

. (9)
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Single Stubborn Agent: Coherence
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Pair of Stubborn Agents

Final opinions distribution vs. network structure for a pair of stubborn
agents?

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 7 / 15



Pair of Stubborn Agents

Solutions for trajectories

xi (t) = κP
∑

α

uκα,a − uκα,b
λκα

(1− e−λ
κ
α(t−t0))uκα,i , t > t0 . (10)

x∞i = κP
∑

α

uκα,a − uκα,b
λκα

uκα,i . (11)

Using a complex network distance

x∞i =
κP

2
[Ω

(κ,1)
bi ({a, b})− Ω

(κ,1)
ai ({a, b})] (12)
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Modified Resistance distances

Resistance Distance

Ωij = Lii
−1 + Ljj

−1 − Lij
−1 − Lji

−1 . (13)

Modified Resistance Distance (MRD)

Ω
(κ,p)
ij (Vs) = [Lκ]−pii + [Lκ]−pjj − [Lκ]−pij − [Lκ]−pji , (14)

=
∑

α

(uκα,i − uκα,j)
2

λκα
p . (15)

Closeness centrality

Cp(i ,Vs) =


n−1

∑

j

Ω
(κ,p)
ij (Vs)



−1

, (16)

Klein and Rand̀ıc J. Math. Chem. 12, 81 (1993).
MT, Pagnier, Jacquod Sci. Adv. 11(5) eaaw8359 (2019).
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Pair of Stubborn Agents: Opinion Association

Opinion association x∞i > 0 → agent a, x∞i < 0 → agent b.

x∞i =
κP

2
[Ω

(κ,1)
bi ({a, b})− Ω

(κ,1)
ai ({a, b})] (17)

(a) (c)(b) (d)
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Pair of Stubborn Agents: Opinion Association

Opinion association From modified resistance distances.
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Pair of Stubborn Agents: Opinion Distribution

Opinion heterogeneity
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Pair of Stubborn Agents: Opinion Distribution

Opinion heterogeneity

Dmax({a, b}) = κP
∑

α

(uκα,a − uκα,b)2

λκα
= κPΩ

(κ,1)
ab . (18)

µx({a, b}) =
κP

2

[
C−11 (b)− C−11 (a)

]
. (19)

σ2x({a, b}) =

(
κP

2

)2
(

4Ω
(κ,2)
ab

n
−
[
C−11 (b)− C−11 (a)

]2
)
, (20)

with

Ω
(κ,2)
ab =

1

4

∑

i

(
Ω
(κ,1)
bi − Ω

(κ,2)
ai

)2
(21)

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 13 / 15



Pair of Stubborn Agents: Network Structure

Opinion heterogeneity
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Pair of Stubborn Agents: Network Structure

Opinion heterogeneity
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Conclusion

Laplacian approach to relate network structure to opinion formation

Single stubborn agent

- Coherence during a change of consensus given by network spectral
properties.

Pair of stubborn agents

- Opinion association in terms of MRDs.

- Distribution of the final opinions as functions of MRDs.

F. Baumann, I. M. Sokolov, MT, Physica A 557 (2020) 124869
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Pair of Stubborn Agents: Network Structure

Opinion heterogeneity

1

2

〈µ̃
x
〉

×10−3
(a)

10−2 10−1 100

pr

2.5

3.0

3.5

〈D̃
m

a
x
〉

×10−1

n = 30

n = 40

n = 50

0.0

0.5

1.0

1.5
×10−2

(c)

10−2 10−1 100

pr

1

2

κ = 1

κ = 10

κ = 100

0

2

×10−3
(b)

10−2 10−1 100

pr

2

4

×10−1

ne = 150

ne = 200

ne = 400

Melvyn Tyloo (melvyn.tyloo@gmail.com) DDD2020 August 26, 2020, etranselec.ch 15 / 15


	First Section

