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Complex Networks

Social networks

Communication
networks

Transportation
networks

Electrical networks

Interacting molecules

Scientific collaborations

Citation networks

Spin glasses
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Layered Networks
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Layered Networks

ẋi = −
n∑

j=1

L(1)
ij xj + ηi i = 1, ...n , (1)

ẏi = −
n∑

j=1

L(2)
ij yj + fi ({xk}, {yk}) i = 1, ...n , (2)

Simplest choice: fi ({xk}, {yk}) = xi − n−1
∑

j xj
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Layered Networks

Analytical treatment:

xi (t) =
∑
α

e−λ
(1)
α t

∫ t

0
eλ

(1)
α t′

∑
j

ηj u
(1)
α,j dt

′ u
(1)
α,i , (3)

yi (t) =
∑
α

e−λ
(2)
α t

∫ t

0
eλ

(2)
α t′

∑
j

xj u
(2)
α,j dt

′ u
(2)
α,i . (4)
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Layered Networks

Analytical treatment:

xi (t) =
∑
α

e−λ
(1)
α t

∫ t

0
eλ

(1)
α t′

∑
j

ηj u
(1)
α,j dt

′ u
(1)
α,i , (5)

yi (t) =
∑
α

e−λ
(2)
α t

∫ t

0
eλ

(2)
α t′

∑
j

xj u
(2)
α,j dt

′ u
(2)
α,i . (6)

Layer 1:

⟨x2i ⟩ =
η20
2

∑
α

u
(1)
α,i

2

λ
(1)
α

, (7)

Layer 2:

⟨y2i ⟩ =
η20
2

∑
α,β,γ

∑
k,l

u
(1)
γ,ku

(1)
γ,l u

(2)
α,ku

(2)
β,l [2λ

(1)
γ + λ

(2)
α + λ

(2)
β ]

λ
(1)
γ (λ

(2)
α + λ

(2)
β )(λ

(1)
γ + λ

(2)
α )(λ

(1)
γ + λ

(2)
β )

u
(2)
α,i u

(2)
β,i .

(8)
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Layered Networks

Analytical treatment: → Same networks
Layer 1:

⟨x2i ⟩ =
η20
2

∑
α

u2α,i
λα

, (9)

Layer 2:

⟨y2i ⟩ =
η20
4

∑
α

u2α,i
λ3
α

. (10)

Melvyn Tyloo (melvyntyloo.com) University of Naples Federico II, Italy mtyloo@lanl.gov — 11/10/22 8 / 22

https://www.melvyntyloo.com/


Layered Networks
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Layered Networks

Erdős-Rényi
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Layered Networks

yi

xi
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Layered Networks

More layers

żi = −
n∑

j=1

L(3)
ij zj + fi ({yk}, {zk}) i = 1, ...n , (11)

(a) (b)
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More general coupling function

Coupling function: fi ({xk}, {yk}) = −(µyi − νx i ) ,

⟨y2
i ⟩ =

ν2η20
2

∑
α,β,γ

∑
k,l

u
(1)
γ,ku

(1)
γ,l u

(2)
α,ku

(2)
β,l [2λ

(1)
γ + λ

(2)
α + λ

(2)
β + 2µ]

λ
(1)
γ (λ

(2)
α + λ

(2)
β + 2µ)(λ

(1)
γ + λ

(2)
α + µ)(λ

(1)
γ + λ

(2)
β + µ)

u
(2)
α,iu

(2)
β,i .

(12)

Same networks

⟨y2
i ⟩ =

ν2η20
2

∑
α

u2α,i
λα(λα + µ)(2λα + µ)

. (13)
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Colored noise

Two-point correlator: ⟨ηi (t)ηj(t ′)⟩ = δij η
2
0 e

−|t−t′|/τ0 ,

⟨x2i ⟩ = η20
∑
α

u
(1)
α,i

2

λ
(1)
α

2
, (14)

⟨y2i ⟩ = η20
∑
α,β,γ

∑
k,l

u
(1)
γ,ku

(1)
γ,l u

(2)
α,ku

(2)
β,l

λ
(1)
γ

2
λ
(2)
α λ

(2)
β

u
(2)
α,i u

(2)
β,i . (15)

Melvyn Tyloo (melvyntyloo.com) University of Naples Federico II, Italy mtyloo@lanl.gov — 11/10/22 14 / 22

https://www.melvyntyloo.com/


Layered Networks: Multistability

Kuramoto oscillators:

ẋi = −
n∑

j=1

b
(1)
ij sin(xi − xj) + ηi i = 1, ...n ,

ẏi = −
n∑

j=1

b
(2)
ij sin(yi − yj) + fi ({xk}, {yk}) i = 1, ...n ,

(16)

Simplest choice: fi ({xk}, {yk}) = xi − n−1
∑

j xj
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Layered Networks: Multistability
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Layered Networks: Multistability
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Layered Networks: Multistability
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Layered Networks: Multistability

Rescaled noise: ξ = d δx

n−1
∑
i

⟨ξ2i ⟩ = η20 , (17)
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Layered Networks: Multistability

2.00 2.25 2.50 2.75 3.00 3.25 3.50 3.75

0

100

101

102

103

104

105

106

T e
sc

[s
]

MT, arXiv:2210.01180 (2022)
Melvyn Tyloo (melvyntyloo.com) University of Naples Federico II, Italy mtyloo@lanl.gov — 11/10/22 20 / 22

https://www.melvyntyloo.com/


Layered Networks: Multistability

Rescaled noise: ξ = d δx

n−1
∑
i

⟨ξ2i ⟩ = η20 , (18)
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Conclusion

Layered networks: cannot be considered independently.

More complexity → richer network dynamics ... more vulnerabilities.
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